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Abstract— We study constrained sequential decision-making
problems modeled by constrained Markov decision processes
with potentially infinite state spaces. We propose a Bregman
distance-based direct policy search method - policy gradient
primal-dual mirror descent — which includes the natural
policy primal-dual method and the projected policy primal-
dual method as two special cases. When the exact gradient
is known, we prove dimension-free global convergence with a
sublinear rate in both optimality gap and constraint violation.
When the exact gradient is not available, we instantiate our
algorithm in the linear function approximation setting and
establish sample complexity guarantees. The introduction of
the Bregman-distance regularizers enjoys the dimension-free
property with applicability to large-scale spaces, the first of its
kind in the constrained RL literature.

I. INTRODUCTION

The constrained Markov decision process (constrained
MDP) [1] has become a critical environment model in
reinforcement learning (RL) [2], [3]. A popular class of RL
methods for constrained MDPs built on the policy gradient
(PG) method [4] search policies via gradient descent/ascent
or primal/dual type updates (e.g., [5], [6]). More appealing
are their generality in PG methods [7]-[9] and effectiveness
in using Lagrange method to handle constraints [10], [11].
However, PG method and theory for constrained MDPs
with large state spaces is relatively less established from an
optimization perspective [12]-[14].

Our contribution: We propose a Bregman distance-based
direct policy search method for constrained MDPs with
potentially infinite state spaces — policy gradient primal-
dual mirror descent — which includes the natural policy
primal-dual method and the projected policy primal-dual
method as two special cases. When the exact gradient is
known, we exploit the structural properties of value functions
to prove dimension-free global convergence with sublinear
rate O(1/+/T), regarding the average optimality gap and
constraint violation, where 7" is the number of total itera-
tions. When the exact gradient is not available, we present
a sample-based policy gradient primal-dual mirror descent
using the linear function approximation and establish sample
complexity guarantees. The introduction of the Bregman-
distance regularizers enjoys the dimension-free property with
applicability to large-scale spaces, the first of its kind in the
constrained RL literature.
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Related work: There has been considerable interest in
the development of policy gradient primal-dual methods for
constrained MDPs [5], [6], [15]-[17]. The classical perfor-
mance for these algorithms is the asymptotic convergence
to a local stationary point. Several recent works show that
policy gradient primal-dual methods [7], [18]-[23] enjoy
non-asymptotic convergence that is more preferable in prac-
tice. Although these methods are intrinsically related to the
mirror descent analysis [24], the classical mirror descent
method based general Bregman-distance regularizers [25]
have not been utilized. To fill in this gap, we propose a
policy gradient primal-dual mirror descent method based on
Bregman-distance regularizers that covers the natural policy
primal-dual method [7], [18], [20] and a new projected policy
primal-dual method. Moreover, our unified analysis does not
assume a finite state space and any policy parametrization.
Our work is also related to recent works that have signifi-
cantly advanced learning constrained MDPs with large state
spaces using the function approximation [7], [19], [26]-[28].
In contrast, our linear function approximation is more general
than the linear constrained MDP assumption [19], [27], [28].

Paper organization: The rest of the paper is organized
as follows. We provide background material in Section II,
present our method and convergence theory in Section III,
establish a model-free method and its sample complexity in
Section IV. We conclude the paper in Section V.

II. PRELIMINARIES

We consider a discounted constrained Markov decision
process (S, A, P,r,g,b,7, p), where S is the state space, A
is the action space, P is the transition probability measure
which specifies the transition probability P(s’|s,a) from
state s to state s’ under action a, r, g: S x A — [0,1] are
the reward/utility functions, b is a constraint offset, v € [0, 1)
is the discount factor, and p is the initial state distribution.

A stochastic policy is a function 7: .S — A4 that deter-
mines the action chosen by the agent based on the current
state a; ~ m(-|s;) at time ¢, where A4 is a probability
simplex on A. Let the set of all policies be II. A policy
7 € II, together with the initial state distribution p, induces
a distribution over trajectories 7 = {(S¢, at,r, 9t) 15 o
where so ~ p, a; ~ w(-|s¢) and spp1 ~ P(-| ¢, at).

Let the symbol ¢ be r or g. Given a policy 7, the value
function VJ": S — R is defined as the following expected
value of total discounted rewards or utilities

‘/<>7T(8) =E Z’yt < (8t7a’t) ‘71—750 =S
t=0
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where expectation is taken over the randomness of the
trajectory 7 induced by 7. Starting from a state-action pair
(s, a), we introduce the state-action value functions Q7 (s, a):
S x A — R, and advantage functions AZ: S x A — R,

oo
Qg(s,a) =K nyto(staat)|ﬂ-7’90:57a0:a
t=0

AT = Q5(s,a) — VT (s).

The fact that 7, g € [0,1] yields 0 < V™(s) < L. The
expectation over p is V" (p) := Egy~,[V (s0)]. The relation
between V" and )7 is stipulated by Bellman equations [24]
and V.7 (s) = (QZ(s,-), m(-|s)). Let the discounted visitation
distribution dg and its expectation be

di,(s) = (L=7) Y A'P"(s: = s]s0)
t=0
and dj = Eg,~,[d] (s)]. It is useful to introduce the
distribution mismatch coefficient x := sup, Hd;r / p||OO that

captures exploration difficulty in PG methods [24].

Let b € (0,1/(1—7)] be the constraint offset. We consider
a constrained policy optimization problem that maximizes
the reward value function subject to a constraint on the utility
value function [1],

maximize V,™(p)
mell (1 )
subject to V[ (p) > b.

Assumption 1 (Strict Feasibility): There exists £ > 0 and
7 such that V7 (p) — b > &.

A. Useful Problem Properties
The max-min problem associated with (1) is given by

.. e A
maximize minimize Vit (p)

where V"Mp) = V7(p) + A(V](p) — b) is the La-
grangian. The dual function is defined as Vj(p) =
maximize, V/ *(p). Let the optimal solution to Prob-
lem (1) be n* and the optimal dual variable be \* =
argmin, < o V3 (p). We use shorthand V™" (p) = V;*(p) and
VA (p) = V5 (p) whenever it is clear from the context.

Let [z]+ = max(z,0). Despite non-convexity [7], strong
duality, boundedness of the optimal dual variable, and con-
straint violation hold; see their proofs in [7], [11].

Lemma 1 (Strong Duality & Bounded \*): Let Assump-
tion 1 hold. Then, V*(p) = Vj(p), and 0 < \* <
(V2 (p) = ViZ(p)) /¢

Lemma 2 (Constraint Violation): Let Assumption 1 hold.
If there exists a policy w € Il and C' > 2X* such that V,*(p)—
V7 (p) + Clb — Vi (p)]4 < 6, then [b— Vi (p)ly < 2.

III. METHOD AND THEORY

We present a direct policy search method for constrained
MDPs and establish convergence when the gradient is exact.

A. Policy Gradient Primal-Dual Mirror Descent

Our Algorithm 1 has two updates. The first one is a
policy mirror descent step that solves a proximal policy
optimization sub-problem in (2). The second update executes
a gradient descent type step for the dual variable in (3).

Algorithm 1 Policy Gradient Primal-Dual Mirror Descent

1: Initialization: Stepsizes o and 7, number of iterations
T, m™(a|s) = 1/]A] for all (s,a), and A" = 0.

2. fort=0,1,..., 7 —1 do

3. Define policy 7'*!(-|s) for s € S,

7't1(-]5) := argmax « <an(s, ')Jr/\tQZ(s, D, 7(- ] s)>

w(-|s)EAA .
—D(n(-]8),7'(-|9)) -
(2)
4:  Dual update,
N = PA(X = n(Vi(p)=b). 3

5: end for

In line 3, we form a proximal policy optimization problem
as follows. By performance difference lemma [24], we
express the Lagrangian V' ”\(p) with fixed A! at time ¢ as

At xt At
Vet (p) = Ve 7 (p)
1 t t
P B [QF (5 4NQ] (5., 7| 5) = | 9)]
The policy gradient direction is given by d’(s)Q% (s, a) for
any (s,a), where Q7 (s,a) == QL(s,a) + A'Q’ (s, a) is the
Lagrangian-like function in which we suppress notation 7
in value functions. Mirror descent step with stepsize « reads,

T |s) = argmax (a(dh(s) QL(s, ), (- |9))
w(-|s) €A 4)

~dy(s)D(x(-5),7'(-]5)) )

where D(m(-|s),n'(-|s)) is the Bregman distance. For any
p, p' € A4, the Bregman distance between p and p’ is
D(p,p') := h(p) — h(p') = (VA(p),p — p'), where h is
strictly convex and continuously differentiable on the interior
of Ay. By removing df)(s), Update (4) is equivalent tto 2).
In line 4, we do projected sub-gradient descent of V" A (p)
at policy 7* under the same state distribution p. By Lemma 1,
it suffices to restrict dual iterates in a bounded interval A that
contains the optimal \*, e.g., A =[0,2/((1 —7)&)].

Remark 1: The optimality condition for (2) yields two

useful cases: (i) when h(p) = %||p||2, D(p,p) = %prp’HQ,

T 1s) = Pa, (7'(-]5) + a(Qus,) + N'Qg(s, )

where Pa,(p) = argmin, ¢, [[p — p'[. This update
works as the projected @-descent [14]; (ii) when h(p) =
>ac aPalogpa. D(p,p') =3, ¢ 4 Palog b

R J5) o (- |5) e (@) TN QG(5)

which recovers the multiplicative weight update [7], [18],
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[19], [29]. Therefore, Update (2) extends [7], [18] to general
Bregman distance-regularizer that subsumes the Euclidean
distance case. We note that explicit policy updates above
define new policies over s € S recursively, and a finite state
space is not required at all. It is similar as the unconstrained
policy optimization with function approximation [30]-[32].

B. Convergence Analysis

For brevity, we suppress notation 7 in value functions and
use shorthand D(7!™t 7t) for D(mwT1(-|s), 7t(-|s)). The
optimality condition for (2) yields Lemma 3 in Appendix A.

Lemma 3: In Algorithm 1, for any 7(-|s) € Ay,
a(Qn(s,) + NQg(s, ), (m — 7 h)(-|5)) + D(x+1, )
< D(m,w') — D(m,w'*1).

The performance difference lemma [24] sets up one-step

policy performance in Lemma 4; see Appendix B for proof.

Lemma 4: In Algorithm 1, for any s € S,
(VI (s) = Vi) + X (VI (s) = Vi(9))
1
> ———E_, o[ D(rtt 7t) + D(nt, 7).
04(1—7) s dg [ ( ) ( )]
A key step is to establish the following average perfor-
mance bound in Lemma 5; see Appendix C for proof.

Lemma 5: In Algorithm 1, for any 7' > 0,
T-1 =
(P) =V (P) + 7 DN (V5 () = V()
t=0
1 27’] Do
+ =~ +
(1=72T  (1-79?  ol-T

where Do := E; q; [D(7*(-|5), 7°(- | 5))].

Lemma 5 gives an upper bound on the average perfor-
mance on a combination of two gaps, V,*(p) — V,!(p) and
V7 (p) — V}(p). However, this bound does not necessarily
imply convergence in the optimality gap, V,*(p) —V.!(p), and
the feasibility gap or constraint violation, b — Vgt( p). We next
exploit the dual update (3) to bound them. We summarize
our bounds in Theorem 6; see Appendix D for proof.

t=0

IN |~
N
=

*

&)

Theorem 6 (Dimension-Free Bound): Let Assumption |1
hold. Suppose A = [0,2/((1 —~v)&)]. For any T > 0, if
o= Dg and 7 = (1 —7)/(2V/T) in Algorithm 1, then

171 . t 4
ft_O(Vr (p) = Vip)) < v @
Il A€+ 1/6)
S PP v A

In Theorem 6, the average optimality gap/constraint vio-
lation decay to zero in O(1/+/T), where T is the number of
total iterations, if we choose stepsizes v and 7 appropriately.
The rate O(1/v/T) often refers to the sublinear rate in
stochastic convex optimization [33], although our constrained
problem is non-convex. This dimension-free bound has no
dependence on the size of state/action space and the distri-

bution mismatch coefficient, which covers algorithms using
KL distance [18] or softmax policy [7] as two special cases.
Theorem 6 demonstrates O(1/€?) iteration complexity
for yielding an e-optimal policy: we select a policy w°"
uniformly over iterates w(l), .. ,7T(T),
E[V(p) - V7" (p)] < € and E[b— V]

out

()] < e
IV. FUNCTION APPROXIMATION

We remove the exact gradient assumption and instantiate
Algorithm 1 using function approximation as Algorithm 2.

Assumption 2 (Linear Value Function): There are known
feature maps ¢,,: Sx A — R? such that for any (s,a) € Sx A
and 7 € Aa, QF(s,a) = (¢o(s,a), wl), where wl € RY;
there also is a known feature map ¢4: S — R? such that for
any s € S and ™ € Aa, V](s) = (py(s),uy), where ujj €
R<. Moreover, ||¢.||, |#g]], l¢q]l < 1 for all (s,a) € S x A,
and [[w ||, [lwy ||, [luj]| < W for all 7.

Assumption 2 adopts the linear () assumption [24]. It is
more general than the linear structure in [19], [27], [28].

Algorithm 2 has two stages. In the first stage, we rollout
K sample trajectories by executing the policy ! with h steps
and continuing a unifom policy Unif, := |—i| with b steps,
where h and b/ follow a geometric distribution Geo(1—+). In
each round k, by collecting rewards from step h to h+h'—1,
we can justify E[R*] = QL (s*, a") as in [34], where s* ~ d,
and a® ~ Unif 4. This estimation applies to Q" and V/.

Let LR({(a",y")}E_,) ~ argming, | <w Sp_, (us —
(x* w))? be a near-optimal solution to the empirical linear
regression with data set {(2*,y*)}£_,, and v := dfoUnif 4.
In the second stage, we approximate Q% (-,-) and V!(p) in
line 9 by solving least-square problems in line 8 using K
samples. After obtaining estimates Q%(-,-) and V!(p), we
perform the policy and dual updates as Algorithm 1. The
approximation error is measured by the losses,

Li(we) = By ot [(Q)(5,0) — (6u(5,a),we))?]

Ef(ug) = Eonp [(Vi() = (0a(s)ua)’]

Assumption 3 (Bounded Statistical Error): For the itera-

tions {w}., W}, u} T=1 that are generated by Algorithm 2,

E [Ly(iy)], E[Ly(iy)] . E[Eg(g)] < ea

where expectation is over randomness in (wp., @y, @!).
Theorem 7 (Agnostic Learning): Let Assumption 1 hold.

Suppose A = [0,2/((1 —v)&)]. For any T' > 0, if we use

a =log|A| and n = (1 —v)/(2V/T) in Algorithm 2, then

T-1

1 W2 + 1 H|A|€stat
E|~ Vi (p)=V! <
T;( F(0)=V,(p)) N(l—y)?ﬁJr(vl—v)?/?g
(7a)

T—1 2 2
E b—lzvgt(p) < w +1/£ + V H‘A|€Sta12t‘
Ti= LT =T A=)
(7b)

where < denotes < up to an absolute constant.
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We sketch the proof of Theorem 7 in Appendix E. Due
to Assumption 2, function approximation error appears in
Theorem 7 as an additional effect /€. When we apply
esar = O(1/K) for K SGD steps [35], the sample complex-
ity reads TK = O(1/¢*) sample trajectories for obtaining
an e-optimal policy. When there is no approximation error:
K — oo, the rate matches the one in Theorem 6.

Algorithm 2 Policy Gradient Primal-Dual Mirror Descent
with Linear Function Approximation

1: Initialization: Stepsizes a and 7, number of iterations
T, 7%a|s) = 1/|A| for all (s,a), \° =0, and p.

2. fort=0,1,..., T —1 do

33 forround k=1,...,K do

4: Sample h ~ Geo(1 — v) and A’ ~ Geo(1 — 7).

5: Draw sy ~ p and collect a trajectory
{s0,a0,70,90,---,SH,aH,"H, gy} by executing
wt for first h steps and Unif 4 for next h’ steps.

6: Define 5% = s, s¥ = sp,, a* = ap, RF = Z?;Bri,

h4h'—1 h4h'—1

RF = Z r;, and GF =
i=h

Z Gi-
i=h
end for
Compute 0%, 121;, and ﬁg as
R({(¢n(s",a"), R*)}i2 1)
R({(¢g(s",a"),G") 1)
il = LR({(¢g(5%), R*)}i=1)-
9:  Define value functions
QL) == (¢o(-, ), L) and VI() = (pg(-), @)

10:  Define policy w'*1(-|s) for s € 9,

7' *(-s) = argmax a{Q(s, )+ A QL (s, ), (-] )

At
w, = L

At
wgfL

w(-]s) €EAa .
— D(n(-|s),7'(- | 5)).
3
11:  Dual update,
ANFE = PA(N = n(Vi(p)=b).  (©
12: end for

V. CONCLUSION

We have studied a policy gradient primal-dual mirror
descent for solving constrained MDPs with potentially in-
finite state spaces. We prove that the average optimality gap
and constraint violation decay to zero in a sublinear rate
when the exact gradient is known. When the exact gradient
is not available, we present a sample-based algorithm and
establish the sample complexity bound. Future directions
include improving the rate for single-time scale primal-dual
method and tightening sample complexity.
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APPENDIX

A. Proof of Lemma 3
By the optimality condition for (2), for any = (- | s),
(aQl(s,) = VD (a7t (r — 7" (-]5)) < 0 (10)
VD(ﬂ'tHth) = VWD(T('(- |s), 7 (-| s)) ’W(. &)= xt (| 8)°
By the Bregman distance,
D(m,7') = D(x'*!, xt)

+ (VD(x' L, 7t), (m — aT)(- | s)) + D(m, 7).

1D
Combining (11) with (10) completes the proof.
B. Proof of Lemma 4
Applying performance difference lemma [24] to

VIt1(s) — V!(s) and adding them with \* > 0 yield,
(VI (s) = V() + AT (Vg H(s) = V()

s~ dyTt [<QtL(5/v s (ﬂ-tJrl - Wt)(' ‘ 5/)>]

E, g [D(xH @) + D(x', 7 41)]

" i)

where we use 7 = 7! in Lemma 3 for the inequality.

C. Proof of Lemma 5
We repeat the first step of proving Lemma 4. By Af > 0,
(Vi (s) = Vi(5)) + A" (Vg () = Vg (s))

! ), (@ — 7 ([ ))]

= gy B @
1
o B [(QLE ), (1 =) (1)
12)
If we apply Lemma 3 with 7 = 7*, then,

1 t+1
LHS of (12) + mEs,de [D(w + mt)]
1
< EEGI ~dg [<QE(5,7 ')7 (Wt+1 - ﬂ't)(‘ | S/)ﬂ

, Y * ot * —t+1
+a(1_7)EsNdp[D(7r,7r) D(r*, = )}(13)

On the other hand, by Lemma 3 with 7 = 7%, for any s,
(QL(s, ), @ (- [s) =7'(-|s5)) > 0.
Thus,

]Es’wd* [< (S/, )
= X i (@i

B, g QL 5
(d}) —

] ) -

(-] s))]
), (7T =) ]8))]
—7)(-15))]
= (v Vi(d;)) + A" (Vg (dp) = Vg (dp)
(14)

where the inequality is due to dtJrl > (1—7)d}. Application
of (14) to RHS of (13) yields another upper bound,

L (- V()
— D(m*, 7]

IN

1—v

— VidR) +X" (Vg (dp) -
1
+———FEy ~a |D(n*, 7t
a(l—7) g
which, when we sum it from ¢t =0 to ¢t =7 — 1 and ignore
terms that do not affect the inequality direction, leads to

T-1 T-1
> (Vo) = Vi) + 23 (Vo) = Vg ()
-’ ) 7’
< —— (V@) + DN (Vi) - Vi)
t=0
1 0
+mEs/~d;D(ﬂ' , T )
(15)
We note that A\’ = 0, AT = 37/ 70 (A1 = \f), and V/} <

725 Thanks to (3), [\ = A" < - and AT < WT Thus

T-1
DA (V) = Vi (dy)
t=0
— 20T
< ATV + S0 N A VI ) <
= (1=1)
(16)

Application of (16) to RHS of (15) completes the proof.
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D. Proof of Theorem 6

We first bound the optimality gap. Since A\° = 0, (\T)? =
r-1 o (W12 — (X1)2). By the dual update (3),

t=0

T\2 = t t 772T
(\T) gzn;A(Vg(p)—ng))JrW

where we use V(p) > b and |V/}(p) — b| < 1=. Thus,

1 T-1
5 SNV () -
t=0

If we add (17) to the inequality (5) from both sides, then

T—1
Z (o))

" 1 2y Do n
T (T 1)+t Ey
which gives the first bound by taking o = Dy, and n = #

We next bound the constraint violation. By (3), for any
A€ A=10,2/((1—7%)&)], (A1 —X)? is upper bounded by

(A" =22 = 2(Vj(p) = b)(X' —

Vip) < ﬁ (17)

IA H\

772

(1—=7)?
where we use the non-expansiveness of projection and

)+

[Vi(p) — b < ﬁ If we sum both sides of the above
inequality over ¢ = 0,--- ,7 — 1 and divide it by 7', then
T-1
1 A2 n
= Vip) =)A= )) < — + ——. (18
Adding (18) to the inequality (5) from both sides yields
= \ Tl
72 (V) = Vi) + 7 D0 (b= V(p)
t=0 t=0 (19)
< # l + 377 + Do + )\72
T =2 \T 1-—7 a(l—yT  2nT°
We simplify RHS of (19) by taking oo = Dy, and n = zf
2 1 A2 1
+ + + .
1=2VT  A=NT  (1=y)WT 41 —-)VT

We note that Vt( ) and V/(p) are linear in the occupancy
measure for wt. By convex1ty of the occupancy measure
set [1], = LS~ o Vii(p) and 2 T = Vi (p) are linear in an
occupancy measure 1nduced by some policy «’. We choose

which leads to the second bound if we use 0 < ¢ < ﬂ

E. Proof of Theorem 7
Since the idea is similar as proving Theorem 6, we only

sketch some key steps. First, we employ techniques for
proving Lemma 5 to show the average performance,

H(p)) + A (Vi (p) = V4 (p)

Cmwen 8041/ (e
T (=T (1—7)3 1—7)2 1-9"
log |A|
a(l —y)T"

(20)
Differing from Lemma 5, the estimation error enters as,

Ev s [(QL(S',) — QL(/, ), (% — 7 )(- | 8))]
\/ S ds( Qs ) — QLs", ), (= w1 (| )

K‘A|
< |17 2 g (@) -

sa/

IN

QL(s',a"))?

KAl

ﬁeslal-

Additionally, [E[\] —E[XT1])| < n(W + —) and E[]\T] <
nT(W + 7) that result from the dual update ).

The next proof is similar to proving Theorem 6. Let 0 :=
w2 4+ ﬁ The first step is similar to (17),

2\/6stat
—E|[LHS of 17)| < ————
[LES of (1] = (T=7)¢

< 20, and Assumption 3,

¢Zp ~VHs)? < Ve

If we add (21) to the 1nequahty (20) from both sides, and take

a =log|A| and n = V%’ we obtain the first bound. The

second step is to apply the same reasoning of proving (19),

E[(A% — X)?] V/Estat
T - 1
22)

Adding (22) to the inequality (20) from both sides yields,

+ no 21

where we use IE

Vt(

E[LHS of (18)] <

T-1

A= if b— V7r (p) > 0; otherwise A = 0. Hence, after 1 . ¢ A ¢
(1-7)¢ E|= vV -V —(b-V,
some re;rrangements (19) becomes T Z:O ( ~ () " (p)) + T ( 9 (p))
* 71_/ 2 71_/
(V) =VE0) + e o=V )] ! 20W 1) | 30+1/9) [rlA]
) (2 7)€ A (1= (1= (I=7)2 V1-7v
< + + : log | A| 22 V/Estat
L=VT  (A-)WT  (1-7)VT e + s e
al-—)T 29T~ (1—9)¢
Since ﬁ > 2)\*, application of Lemma 2 yields, (23)
s A Finally, simplifying RHS of (23) with « = log |A| and n =
by < + and application of Lemma 2 lead to the second bound.
PO, < aE T et o
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